Abstract. In this paper we study a special family of Lorentz gas with infinite horizon. The periodic scatterers have C 3 smooth boundary with positive curvature except on finitely many flat points. In addition there exists a trajectory with infinite free path and tangentially touching the scatterers only at some flat points. The singularity set of the system is analyzed in detail. And we prove that the free path is piecewise Hölder continuous with uniform Hölder constant. In addition these systems are shown to be non-uniformly hyperbolic; local stable and unstable manifolds exist on a set of full Lebesgue measure; and the stable and unstable holonomy maps are absolutely continuous.
1. Introduction. Lorentz gas is a model of completely ionized gas in which ions are assumed to be stationary and interactions between electrons are neglected. It is a popular model in mathematical physics introduced by Lorentz [15] in 1905, in studying the motions of electrons in metals. Here we consider a two-dimensional periodic Lorentz gas onQ (the plane minus the union of convex scatterers), but the boundary of scatterers have points of zero curvature. This reduces to a billiard dynamical system generated by a point particle moving on a flat torus T 2 and bouncing off fixed convex scatterers.
More precisely, let B be the collection of pairwise disjoint, open convex domains on the unit 2-dimensional torus T 2 and Q := T 2 \ B be the billiard table. Then the billiard dynamics describe the motion of a particle of unit mass moving freely at unit speed in Q and reflecting off its boundary ∂Q (the wall) by the rule "the angle of incidence equals the angle of reflection". The billiard flow Φ t is defined on the unit sphere bundle Q × S 1 and preserves the Liouville measure. There is a natural cross section M in Q × S 1 that contains all postcollision vectors based at the boundary of the table ∂Q. The set M = ∂Q × [−π/2, π/2] is called the collision space. Any postcollision vector x ∈ M can be represented by x = (r, ϕ), where r is the signed arclength parameter along ∂Q, and ϕ ∈ [−π/2, π/2] is the angle that x makes with the inward unit normal vector to the boundary. The corresponding Poincaré map (or the billiard map) T : M → M generated by the collisions of the particle with ∂Q preserves a natural absolutely continuous measure µ on the collision space M .
For any x ∈ M , let τ (x) be the length of the free path between the base points of x and that of the next non-tangential postcollision vector in the unbounded regioñ Q. Note that the free path function is discontinuous on preimages of grazing vectors and we denote S as the collection of all discontinuity curves of τ . If the free path τ (x) is unbounded, we say that the billiard system has infinite horizon.
When all scatterers have positive curvature, the system is called dispersing or Sinai billiards, since this type of systems was first studied by Sinai in his seminal work [19] , where the ergodicity and K-mixing property were proved. Another popular system is the semi-dispersing billiard on a rectangle, where the torus is replaced by a rectangle. This type of system is suitable for understanding statistical properties of flows for Lorentz gases. Both Sinai billiards and the semi-dispersing billiards have been proven to enjoy strong ergodic properties: their continuous time dynamics and the billiard ball maps are both completely hyperbolic, ergodic, Kmixing and Bernoulli, see [4, 13, 17, 19, 20] and the references therein. However, these systems have quite different statistical properties depending on the geometric properties of the billiard table.
For example, the Sinai billiards were proven to have fast mixing rates. The stretched exponential decay rates were proved by Bunimovich, Chernov and Sinai [2] and [3] . Exponential mixing rates were obtained by Young [22] for finite horizon case and by Chernov [5] under the condition of infinite horizon. On the other hand the semi-dispersing billiards have much weaker statistical properties. In this case, the number of collisions n along a billiard trajectory γ(t) is proportional to the time t. Based upon the methods of Young [22] and Markarian [16] , it was proven that the mixing rates are of order O(1/n) 1 , as n → ∞, see [9, 11] . See also the recent papers by Chernov, Dolgopyat, Szasz and Varju [6, 12] and the references therein for related studies on other statistical properties of these systems.
In the current paper we relax the assumption of strictly positive curvature and add finitely many flat points (with zero curvature) on the boundary of scatterers. A family of billiards with flat points are constructed under the condition of finite horizon by Chernov and Zhang [10] . It was proved that the mixing rate varies between O(1/n) and exponentially fast depending on the parameter. The main reason is that there exists one periodic trajectory between two flat points, which acts as a trap to slow down the mixing rates.
Here we consider the infinite horizon case. For simplicity we assume there is only one scatterer in the torus. Let {Q = Q(β), β ≥ 2} be a one-parameter family of billiard tables obtained by removing the convex scatterer B from a flat torus T 2 , see Figure 1 . For any fixed β ∈ (2, ∞), we assume there are 4 special points on the boundary ∂B. In addition, ∂B is symmetric about the vertical and horizontal lines passing through the center of ∂B. Thus the geometric feature of these special points are essentially identical. Denote p as one of the special point. Let {(s, z)} be the Cartesian coordinate system originated at p, then the part of the boundary ∂B that containing p can be viewed as the graph of z = z(s), such that for some small ε > 0: (h1) z(s) = −|s| β , for any |s| < ε; (h2) z (0) is parallel to one side of the torus. The first assumption (h1) implies that these special points are indeed flat points (with zero curvature) for β > 2. In addition (h2) implies that any trajectory with infinite horizon is only tangent to the scatterer at these special points. Figure1(a) describes a billiard table with flat points for β > 2, and x 0 is a vector whose trajectory has infinite horizon. Note that this is indeed a family of dispersing billiards with flat points under the infinite horizon condition, which can be viewed as the continuation of the research project in [10] . For this type of billiards, there is a sequence of periodic points whose trajectories run between flat points with longer and longer free paths, and approach the trajectory of x 0 . Indeed the vicinity of these periodic orbits acts as a "trap" where hyperbolicity remains weak for arbitrarily long time, see Figure 2 .
For the case when β = 2, the system corresponds to the Sinai billiard and enjoys exponential mixing rates, see [22, 8, 5] . The billiard table, Q(β), is slowly changed as β increases from 2. Suppose that the four special points are fixed under the deformation while the parameter β approaches ∞. Then the convex boundary gradually approaches a rectangle, see Figure 1 b). The limiting table is completely integrable. Thus under the deformation process as β goes to ∞, we obtain a family of billiards with mixing rates varying from exponentially fast to arbitrarily slow. Although no examples of billiards with mixing rates slower than order n −1 have been studied, these slow systems are very interesting for their weak statistical properties, even the Central Limit Theorem fails. Such systems are, in a sense, intermittent, as they exemplify a delicate transition from the regular behavior to chaos.
2. Main results. In this paper we mainly study the uniform Hölder continuity of the free path function of the system; and derive corresponding analytic properties of its discontinuity curves. The collection of all discontinuity curves of the free path coincides with the singular set of the billiard map. Indeed the ergodicity and statistical properties depend heavily on the distribution and smoothness of the free path function. The work in this paper is crucial to further study advanced ergodic and statistical properties for this class of billiards.
The billiard table is equivalent to an unbounded tableQ, which is obtained by unfolding T 2 \ B. A point x ∈ M is said to be an IH singular point if the free path τ (x) is unbounded, i.e. its forward trajectory never experiences any non-tangential collisions with the boundary of the scatterer. In particular we denote by x 0 any IH points based at the flat point p. Then there exists a channel or corridor inQ that contains the trajectory of x 0 . We fix the scatterer B and label all other copies of the scatterer in the channel as B , B 1 , · · · , B n , etc. as shown in Figure 2 . Assume the r-coordinate of p is 0, we have x 0 = (0, π/2) ∈ M . Note that the free path function τ has discontinuities on M , which are made of curves in the preimage of ∂M . Under the infinite horizon assumption, T −1 ∂M divides M into countably many connected components, labeled as M n , for n ≥ 1. By the symmetric property of the billiard table, it is enough to consider those components in the vicinity of the IH point x 0 . Indeed the free path function is a random variable on the probability space (M, B(M ), µ), where B(M ) is the Boreal σ-algebra on M . Our first goal is to study the distribution of the free path function, which depends heavily on the singularity structure of the billiard map, as well as the Theorem 2.1. Fix any β ∈ [2, ∞).
(1) For any n ≥ 1, the tail bound of the free path satisfies
where c 2 > c 1 > 0 do not depend on β and n. (2) The free path has finite expectation and infinite variance.
An interesting fact which follows from Theorem 2.1 is that the free path function has approximately the same tail bound of order O(n −2 ) for any β ∈ [2, ∞) and large n. However, as β increases to infinity, the error term also increases. In addition note that the billiard tables approach a complete integrable table as β → ∞, see Figure 1 . Thus the statistical properties, or more precisely the mixing rates, should also depend on other factors including the regularity properties of the free path functions.
For billiards with finite horizon, the free path is uniformly bounded and piecewise Hölder continuous with Hölder exponent 1 2 , for example see [1, 7] . But for the infinite horizon case, the Hölder norm of τ (x) increases on M as x approaching to the boundary of M . We show that the free path has uniformly bounded Hölder norm with a smaller Hölder exponent. This result is new even for the Sinai billiards with infinite horizon. Theorem 2.2. For any β ∈ [2, ∞), there exists C > 0 such that for any n ∈ N and
It follows from (2) that the Hölder exponent of the free path function decreases to 0 as β → ∞, which implies that τ becomes less regular as β gets larger.
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For dispersing billiards with infinite horizon, the presence of a grazing trajectory accompanies very strong hyperbolicity. More precisely the expansion factor in the p-metric (defined as in (11)) of any unstable vector based at x = (r, ϕ) ∈ M \ ∂M is proportional to τ K(r) cos ϕ , where K(r) is the curvature of the boundary ∂Q at r. If the curvature K of the billiard wall is uniformly bounded away from zero, the expansion factor is unbounded near grazing collisions. Thus for dispersing billiards with infinite horizon, the strong hyperbolicity overcomes the defragmentation by singular curves fast enough to guarantee the exponential mixing rates. This is one of the fundamental properties of dispersing billiards that contribute to their strong statistical property. But in our case the trajectories with infinite horizon are always tangent to the scatterers at flat points for β > 2. Accordingly both K(r) and cos ϕ go to zero near these grazing collisions, which implies the hyperbolicity in the vicinity of these collisions can be somewhat weak. Consequently, it is crucial for us to characterize how the expansion factors and even the hyperbolicity are affected. Indeed we can show that the Lyapunov exponent is zero along any trajectory only colliding with scatterers at the flat points, and thus the expansion factors in the vicinity of a grazing vector with infinite free path can be arbitrarily close to 1. Theorem 2.3. If β > 2, the system is nonuniformly hyperbolic. More precisely, there exists a null set N ⊂ M , and for any x ∈ M \ N , the Lyapunov exponents satisfy χ s (x) < 0 < χ u (x). In addition, there exists a sequence of periodic points {y n } based at the flat point p, such that the Lyapunov exponents are identically zero at these points.
For hyperbolic system, it is important to study the stable and unstable manifolds. In the case of billiards, the dynamics are complicated by the presence of the singularities, which generate a whole new mechanism for two nearby points to have far-away forward (or backward) images. Here we also prove the existence of stable and unstable manifolds as well as the absolute continuity of the corresponding foliations.
Theorem 2.4. For any β ∈ (2, ∞), there exists a null set N ⊂ M , such that for any x ∈ M \ N the local stable and unstable manifolds W σ (x), σ ∈ {s, u}, exist. In addition the stable and unstable foliations are absolutely continuous with respect to the Lebesgue measure.
Although the main goal for this research is to estimate the mixing rates of the system, however the existence of the flat points creates some technical difficulties besides the nonuniform hyperbolicity. For example the slope of the vectors in stable and unstable spaces can be arbitrarily close to zero. Therefore one can not estimate the length of the stable and unstable manifolds only by the knowledge of their ϕ-dimension, which is a common trick used in the study of classical billiards. Although some heuristic calculations show that the regularity properties of stable and unstable curves, including the distortion bounds, should still hold for this type of billiards, there are some technical details which are complicated to check. Therefore we will leave the study of those properties for a later work. This paper is organized as the following. In Section 3, some preliminary notations are reviewed including the evolution of curvatures along wave fronts. This will enable us to study the Lyapunov exponents and the nonuniform hyperbolicity. We also prove that Theorem 3 directly follows from Theorem 1. The structure of the discontinuity set of the free path function is analyzed in detail in Section 4, and Theorem 1 is proved in Section 4.1 and 4.2. The regularity of the free path function is investigated in Section 5, and the proof of Theorem 2 is also provided there. Theorem 4, including the existence and absolute continuity of local stable and unstable manifolds are proved in Section 6 by checking sufficient conditions derived by Katok and Strelcyn in [14] .
¿From now on, we will denote by c, c 1 , c 2 , · · · , C, C 1 , C 2 , · · · > 0 various constants whose exact values are not important. In addition we say any two functions A and B are equivalent, and denoted as A ∼ B, if there exist two constant
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3. Nonuniform hyperbolicity and the proof of Theorem 3. In this section we always assume β > 2 and we will show that Theorem 3 can be derived from Theorem 1.
First we recall standard definitions of billiard theory, see for example [1, 2, 7] . The phase space M = ∂Q × [−π/2, π/2] can be viewed as a finite union of bounded cylinders with boundary Γ 0 = {ϕ = ±π/2}, which consists of all grazing collision vectors based at the convex scatterer. S := Γ 0 ∪T −1 Γ 0 is the singular set of T . Since the boundary ∂Q is C 3 , the map T : M \ S → M \ T S is a local C 2 diffeomorphism and preserves the probability measure dµ = 1 2|∂Q| cos ϕdrdϕ on M , where |∂Q| is the length of ∂Q.
Let x = (r, ϕ) and T x = (r 1 , ϕ 1 ). According to [7] , the differential of T is
where K 1 is the curvature at the collision point of T x. By assumption the boundary of B is C 3 smooth, so the map T is C 2 smooth on each smooth component of M \S. The key to understanding chaotic billiards lies in the study of infinitesimal families of trajectories. The basic notion is that of a wave front along a billiard trajectory. More precisely, let V ∈ T x M be a tangent vector. For ε > 0 small, let us consider an infinitesimal curve γ = γ(s) ⊂ M , where s ∈ (−ε, ε) is a parameter, such that γ(0) = x and d ds γ(0) = V . The trajectories of the points y ∈ γ, after leaving M , make a bundle of directed lines in Q. To measure the expanding or contracting of the wave front, let B = B(x), which represents the curvature of the orthogonal cross-section of that wave front at the point x with respect to the vector V . We say the wave front γ is dispersing if B > 0. Similarly, the past trajectories of the points y ∈ γ (before arriving at M ) make a bundle of directed lines in Q whose curvature right before the collision with ∂Q at x is denoted by B − = B − (x). Indeed we have
where
cos ϕ is called the collision parameter at x, and K is the curvature of the boundary at r. (4) implies that a wavefront that is initially dispersing will stay dispersing. By our assumption on the table, there exist τ min > 0 and K max > 0 such that for any x ∈ M ,
The following estimates directly follows from (4).
Lemma 3.1. Let W be a dispersing wave front in M centered at x. Then
Let W ⊂ M be a smooth curve and for any x ∈ W , denote by V = dϕ/dr the slope of the tangent line of W at x. Then V satisfies
The hyperbolicity of a dynamical system is characterized by the Lyapunov exponents, which measure the stability of trajectories under small perturbations. We will show that Theorem 1 implies that for µ-a.e. x ∈ M , the Lyapunov exponents exist.
Proposition 1. (Lyapunov exponents)
Assume there exist C > 0 and a > 1 such that the free path function τ has a tail bound
Then for µ-almost every point x ∈ M there is a DT -invariant decomposition of the tangent space
such that, uniformly in the unit vectors v ∈ E σ (x), σ ∈ {u, s}, we have the limit
Here χ u (x) ≤ 0 ≤ χ u (x) are Lyapunov exponents of the billiard ball map T at the point x.
Proof. We will verify the conditions in Oseledec Theorem:
where log + s = max{log s, 0}. By the reversibility of billiards, it is enough to verify the function log
This implies that there exist c i > 0 and C > 0, i = 1, 2, such that
Now by the Oseledec Multiplicative Theorem, µ-a.e. x ∈ M has two Lyapunov exponents.
Note that if the free path function has a larger tail bound than (8) , then the Lyapunov exponents may not exist on a set of full measure. On the other hand, the distribution of the free path function (8) is guaranteed by (1) in Theorem 1 for the type of billiards we consider here. Next we will show that for µ-a.e. x ∈ M , the Lyapunov exponents are indeed nonzero by using the method developed by Wojtkowski [21] . First let us construct stable and unstable directions as originally developed by Sinai in [19] . More precisely on the tangent bundle of M , let the unstable and stable cones be defined as:
min } One can check that the unstable cones are invariant under DT . More precisely, let
Then it follows from (3) that for any
. (10) Since for any
. Note that by the symmetric property of our billiard table, for any x ∈ A 0 based at p, it must be a periodic point in the sequence {y n }. Since there are only countably many such periodic points in M , this means that A 0 has zero measure.
Thus by Wojtkowski's results in [21] we have shown that µ-a.e. x ∈ M has non zero Lyapunov exponents as claimed.
To estimate the expansion factor for unstable vectors, we first introduce a pseudometric, the p-norm, defined for any unstable vector dx ∈ C u x : dx p := cos ϕ|dr|. The p-norm corresponds to the size of the orthogonal cross-section of the associated bundle of trajectories. One can show that the expansion of unstable tangent vectors in the p-norm satisfies
where dx 1 = DT dx. Although unstable vectors expand monotonically in the pnorm, this is not necessarily true in the Euclidean norm. Indeed the expansion factor under the Euclidian norm dx := |dr| 2 + |dϕ| 2 satisfies:
for some uniform constant C > 0. Every C 2 smooth curve W in M \ Γ 0 with all tangent vectors belonging to unstable (resp. stable) cones is called an unstable (resp. stable) curve. If all preimages (resp. images) of an unstable (resp. stable) curve W are unstable (resp. stable) curves, W is called an unstable (resp. stable) manifold. According to the definition of unstable/stable cones, stable curves and unstable curves are decreasing and increasing curves, respectively. In addition these curves cannot self-intersect. More precisely, if W 1 is an unstable curve and W 2 a stable curve, then their intersection W 1 ∩ W 2 is transversal and consists of at most one point.
Next we will show that points in A 0 have only zero Lyapunov exponents when β > 2.
Lemma 3.2. Any x ∈ A 0 only has zero Lyapunov exponent.
Proof. Clearly, any x ∈ A 0 must have period 2 and its trajectory only reflects at flat points. See Figure 2 . This simplifies the differential (3), as K = K 1 = 0 along the trajectory. Indeed one can check that an infinitesimal wave front centered at x only grow linearly under the evolution of the map T . This implies that the Lyapunov exponent at x is zero.
Note that each periodic point y n also has a stable set in M n which is defined as
Thus we have proved that Theorem 2.1 implies Theorem 2.3.
4. Singularities.
4.1.
Analytic properties of discontinuity curves of τ . In this section we study the discontinuity set of τ , which also coincide with the singular set S of T . We first list some properties of the singularity set S proved in [1, 2] under very general assumptions.
(s1) Each smooth curve s ⊂ T −1 Γ 0 terminates on Γ 0 or on another smooth curvē s ⊂ T −1 Γ 0 . This property is often referred to as continuation of singularity lines.
(s2) The set T −1 Γ 0 consists of connected monotonically decreasing curves.
The existence of flat points on the convex boundary component is a new feature for the billiards we consider in this paper, which should deserve more attention. By assumption, since these four special points play the same role on ∂B, it is enough to concentrate on one special point p with r-coordinate equals to zero. Next we provide detailed analysis for singular curves in the vicinity of the IH point x 0 = (0, π/2) based at the special point p. For simplicity we assume the minimal distance from p to any other flat point in the unfolding spaceQ is exactly 1.
Note that any smooth curve in T −1 Γ 0 is indeed a focusing wave front (family of trajectories) that is tangential to a scatterer inQ at the forthcoming collision. One can classify these singular curves according to the length of the free path of the corresponding wave front. As shown in Figure 2 , in the unfolding spaceQ there is a sequence of scatterers in the top row of the channel, each of which generates a wave front starting from B with free path of order O(n) and converges to the trajectory of x 0 as n goes to ∞. The corresponding sequence of singular curves in the vicinity of x 0 is denoted by {s n }, which converging to x 0 . In addition as n gets larger, these wave fronts are all cut by one special wave front due to tangential collisions on the adjacent scatterer B . This special front defines a singular curve, denoted as s , in T −1 Γ 0 that also contains the singular point x 0 , see Figure 4 . For n ≥ 1, let M n to be the domain bounded by the curves s n , s n+1 , s and ϕ = π/2, and call it an n−cell. Then τ is smooth on M n . For any x ∈ M n , the forward trajectory will collide with the nth scatterer B n in the corridor, see Figure 2 . To investigate statistical properties of the billiard map, it is crucial to characterize the dimensions of each n-cell.
Proposition 2. For β ∈ [2, ∞). Let x 0 = (0, π/2) be the IH point based at p.
(1) The curve s satisfies
(2) For n large, the curve s n is stretched between ϕ = π/2 and s , with equation satisfying
(3) Let x n = (r n , π/2) and y n = (r n , ϕ n ) be the end points of s n . Theñ r n = −(βn)
Proof. Let (s, z) be the Cartesian coordinate system defined on the unfolding spacẽ Q originated at the flat point p. Let s be any singular curves in T −1 Γ 0 in the vicinity of the flat point p. Assume x = (r, ϕ) ∈ s, then the forward trajectory of x is tangential to the adjacent scatterer B or the n-th scatterer in the unfolding spaceQ, for some n > 1, see Figure 3 . Assume q = (s, z), q 1 = (s 1 , z 1 ) are the base points of x and T x, respectively. We define θ ∈ [−π/2, π/2] to be the directed angle between the outward normal vectors of ∂B based at p and q; and α be the acute angle formed by the trajectory of x and s-axis as shown in Figure 3 . This implies that π/2 − θ = ϕ + α. By assumption (h1) for s ∈ (−ε, ε), the boundary ∂B has equation z = −|s| β . This implies that for s ∈ (−ε, ε), the signed arc length of ∂B satisfies
Note that tan θ equals to the slope of the tangent line of ∂B based at q. Consequently we have
Thus we have obtain that
Next we consider two cases. Case I. Assume x ∈ s . Since the distance between q and q 1 is of order 1, and the boundary ∂B has equation z = −|s| β , which leads to
Thus any x ∈ s satisfies equation
for all r ∈ [0, ε]. This proves statement (1). Case II. Assume x ∈ s n , for some n large. Note that θ < 0 if and only if r < 0. In addition since the free path now is approximately n, one can check that
This implies that for |r| < ε, s n has equation
Finally we denote x n = (r n , π/2) as the r-coordinate of the intersection point of s n and the boundary ϕ = π/2. It is enough to use the equation (16) by setting ϕ = π/2 and get
The fact thatr β−1 n ∼ n −1 can be used to simplify (16) to get (14) , as
In addition sincer n < 0, (17) can be simplifies as r n = −(βn)
Let y n = (r n , ϕ n ) be the end point of s n on s . Solving for intersection point from equation (13) and (14), we obtain the estimation in Item (3).
For the case of β = 2, the singularity structure is well known, see for example [1, 7] , and the dimensions of M n coincide with our formula in Proposition 2. It follows from the formulas (13) and (14) that the curve s is always concave down. If β = 2, then s n is concave down for |r| < ε; if β > 2, s n is concave up to the left of r = 0 and concave downward to the other side with an inflection point near r = 0. Now we see that the singular structures for β = 2 and β > 2 do have different shapes. It follows from the reversibility of the system and the symmetry property of the billiard table that S and T S are symmetric about both r = 0 and ϕ = 0. Now according to the above proposition, we can sketch the singular set S and T S in the vicinity of x 0 and x 1 = T x 0 , respectively, as in Figure 4 . 
Smoothness of singular curves in S.
To prove the ergodicity of systems with singularities, one sufficient conditions is to guarantee the singular curves have uniformly bounded curvature. In this subsection we will show that any singular curve in S is C 2 smooth with uniformly bounded curvature. For any curve γ ⊂ M with equation r = r(ϕ), let r 1 = r 1 (ϕ 1 ) be the equation of T γ such that T (r, ϕ) = (r 1 , ϕ 1 ). Let C b ≥ (τ min K min ) −1 be a fixed large number, we define a set X that contains all C 1 curves γ in M \ S 1 , such that T γ is smooth and dr1 dr < C b , for any x ∈ γ with T x = (r 1 , ϕ 1 ). Clearly X contains all stable curves.
Proposition 3.
(1) For any non-vertical curve γ ∈ X , the function τ is C 1 on γ:
(2) Let s ⊂ T −1 Γ 0 be any smooth curve with equation ϕ = ϕ(r). Then s is a decreasing curve with slope:
In addition s has uniformly bounded curvature.
Proof. Assume γ ∈ X has equation ϕ = ϕ(r) and T γ has equation ϕ 1 = ϕ 1 (r 1 ). Let x = (r, ϕ) ∈ γ, x 1 = (r 1 , ϕ 1 ) = T x and q, q 1 be the position vectors of the base point of x and x 1 , respectively. Note that |q 1 − q| = τ . Since the boundary of the scatterer is C 3 , we differentiate both sides of τ 2 = q 1 − q, q 1 − q with respect to r. Direct calculation leads to
where we have used the fact that since both r and r 1 are arclength parameter, both ∂q/∂r and ∂q 1 /∂r are unit tangent vectors to the boundary of the scatterer. This implies that along the curve γ,
Thus the smoothness of τ is solely determined by the smoothness of r 1 = r 1 (r). In addition (21) implies that for any γ ∈ X , dτ /dr ≤ 2C b . This proves the first item (1). For simplicity we only consider the singular set in the vicinity of x 0 := (0, π/2) shown in Figure 4 . Every curve s ⊂ T −1 Γ 0 is indeed a focusing wave front consisting of vectors whose trajectories come to tangential collisions. In addition this wave front focuses at the grazing collisions. For any x = (r, ϕ) ∈ s, denote T x = (r 1 , ϕ 1 ) and dx a tangent vector of s based at x. The wave front is tangent to the boundary at T x, which implies cos ϕ 1 = 0. Let B and B 1 be the curvatures of the wave front at x and T x, respectively. According to the geometric definition, the wave front has curvature B = −1/τ . Thus the derivative of the curve s is, due to (7),
By (5), K ≤ K max and τ ≥ τ min . This implies that there exists a constant C = C(Q) such that |dϕ/dr| < C. Next we will show that any singular curve s ⊂ T −1 Γ 0 also belongs the set to X . Indeed for any x ∈ s, any tangent vector dx := (dr, dϕ) ∈ T x s generates a wave front, with forward trajectories tangent to the boundary of the scatterer B in the vicinity of a flat point. If we denote (dr 1 , dϕ 1 ) be the image of dx, then using the fact that B
This implies that s ∈ X . Thus by Item (1), we know that the free path τ is C 1 on s.
To show that the curvature of s is uniformly bounded it is enough to show that d 2 ϕ/dr 2 is uniformly bounded. We differentiate (22) and get
Since the boundary is of C 3 , i.e. the function K(r) has uniformly bounded derivatives, the curvature of γ is bounded by
As a consequence of above proposition, one can show that if a curve γ gets contracted under T , then the free path must be of C 1 along γ. Next we are ready to prove Theorem 2.1, which essentially follows from the following lemma.
Lemma 4.1. Let n ∈ N, and M n be the n-cell in the vicinity of x 0 defined as above.
(1) M n has length (or r-dimension) of order O(n 
Proof. Note that M n is the region bounded by s n , s n+1 , s and the horizontal boundary ∂M . According to Proposition 2, the n-cell has r-dimension of order n This implies that
where c 2 > c 1 > 0 do not depend on β. Now Theorem 2.1 follows from the above estimations on the measure of M n . Since
Now (25) leads to (1) . In particular this implies that τ is µ-integrable but τ 2 is not. This completes the proof of Theorem 1.
In fact, Proposition 2 also leads to the the following fact about transitions between cells with different indices.
Proposition 4.
There exist positive constants c 1 < c 2 , such that for any n ≥ 1, if
Proof. Without loss of generality we only consider the singular curves near x 0 . In particular note that the curves in T S and S are symmetric about r = 0 in the vicinity of x 0 . We also obtain the equations of curves in T S by Proposition 2. In particular denote bys ,s n the singular curves in T S, corresponding to s and s n . To find the largest index m 1 such that T M n intersects M m1 , we need to find the intersection points ofs n and s for r > 0:
This implies that any intersection point (r, ϕ) satisfies:
On the other hand, it follows from Proposition 2 that for any
Comparing the above equations and using the assumption that m 1 is the largest index of m such that T M n intersects M m at a nonempty set, we have
Thus there exists c 1 > 0 such that
By the time reversibility, we can also prove that for any x ∈ M n , T x belongs to a cell M m with m ≤ c 2 n β β−1 .
Although it follows from the above lemma that some points in M n are mapped to cells with higher index, one can show that most of the points in M n indeed have images which belong to cells with much smaller index.
There exists c > 0 such that for any n ≥ 1,
Proof. According to (14) one can calculate the intersection point of s m ands n for m = n 1− 1 β+1 . More precisely,
Combining with Proposition 2, we know for any m ∈ [n
Similarly, for m ∈ [n, n
Thus the expectation of ξ n = m satisfies
Thus for any m = n 1−a , with a ∈ [0,
This lemma also implies, essentially, that a typical trajectory stays away from tangential collisions most of the time. But as β goes to ∞, more points in T M n tend to have long free path.
4.3. Fake singular set. It follows from Lemma 3.2 that there are points in M that have zero Lyapunov exponents when β > 2. As these points are all based on flat points on the billiard wall, we denote Γ 1 = {r = r 0 , · · · , r 3 }, where r 0 , · · · , r 3 are the r-coordinates of the four flat points. Note that T −1 Γ 1 contains all pre-images of vectors based at any flat point. In fact one can check that in the vicinity of the IH point x 0 = (0, π/2), T −1 Γ 1 is made of a sequence of decreasing curves {γ n } such that each γ n is squeezed between two singular curves s n and s n+1 , and stretched from the horizontal line ϕ = π/2 all the way to the curve s . Since T γ n is a wave front that contains vectors all based at the flat point p, dr 1 /dr = 0. It follows from Proposition 3, the free path function is C 1 along γ n . In addition γ n is a decreasing curve with slope dϕ/dr = − cos ϕ τ − K. And γ n has bounded curvature. We denote S 1 = S ∪ Γ 1 and S −1 = T S 1 . In general the singularity set for the map T n and T −n are defined as
for n ∈ N. Due to the time reversibility of the billiard dynamics, if (r, ϕ) ∈ S n then (r, −ϕ) ∈ S −n . This implies that S n and S −n are symmetric about the line ϕ = 0. Let S ±∞ = ∪ n≥1 S ±n ∪ S, then the setM = M \ S ±∞ contains all points whose forward and backward trajectories are well-defined. To overcome some technical difficulties, in particular to study the distortion bounds for the dynamics, we need to add more artificial curves into the singular set. More precisely, divide the space M into homogeneity stripes, which was first introduced in [1, 2] . For convenience, we use the homogeneity strips I k , for k ≥ k 0 where k 0 is a large integer:
and
We also put
Note that it follows from the definition, that the distance from a strip I k to the boundary of M is of order O(k −2 ), and each strip has height of order O(k −3 ). Now we call the set S H 1 the modified singular set of T . A curve W is called homogenous if it is contained in one homogenous strip I k , for some |k| ≥ k 0 or k = 0.
Since {Γ H ±k } converges to Γ 0 as k goes to ∞, so for any
, that converges to s as n goes to ∞ or −∞. Furthermore, since S 0 is made of two closed curves, any smooth curve in S 5. Hölder continuity of the free path function. In this section we will prove Theorem 2.2. More precisely, we study the regularity of the free path function τ and prove that it is indeed piecewise Hölder continuous with finite Hölder norm. Although, by Proposition 3, the free path is of C 1 smooth along any curves that get contracted under T , its derivative may blow up along curves that have huge expansions. Assume W is a curve in M \ S −1 with equation r = r(ϕ) and T W has equation r 1 = r 1 (r). According to (20) , dτ = sin ϕ 1 dr 1 − sin ϕdr. Thus by Proposition 3, the derivative of τ blows up only when τ / cos ϕ 1 is large. Indeed Proposition 4 implies that if τ (x) = n for some natural number n, then T x belongs to a cell M m with index m ≥ c 2 n β−1 β . Thus it follows from Proposition 2 (3) that, for x ∈ M n , cos ϕ 1 ≤ c 0 n
(29) for some uniform c 0 > 0. Consequently the derivatives of τ may blow up only when T W close to tangential collisions. We first prove a lemma.
Lemma 5.1. There exists C > 0 such that for any
where α = 1 2β and β ≥ 2. In addition, for any C 2 curve W ⊂ M \ S such that T W is fully stretched in one homogeneity strip,
Proof. Since the largest expansion occurs at almost tangential collisions, it is enough to consider an increasing C 2 curve W ⊂ M n that fully stretched in T M n , for some fixed large integer n. Since T is a local C 2 diffeomorphism on M n , any connected component of T W is also C 2 smooth. Below we consider two cases:
Case I. Assume the tangent vectors of W have finite slopes, i.e. for any x = (r, ϕ) ∈ W , dϕ/dr < ∞. n . This means that
It follows from Item (3) of Proposition 2 that there exists c 1 > 0 such that for any x ∈ W ,
Thus by (12) the expansion factor on
Since for increasing curve W , T W = ∪ k T W k is a collection of unstable curves. The slopes of unstable tangent vectors have significant differences in different part of T M n , this affects the length of T W k in homogeneity strips. We first assume β > 2, then divide T M n into three regions, and make the estimations in each region individually.
a) Assume the image T W is contained in the strip
Assume T W ∩ A n intersects all homogeneity strips I k , for k ≥k n . The definition of A n and Proposition 2 implies thatk
Since W is an unstable curve, for n large the increasing curve T W is almost parallel to the boundary of T M n , which satisfies
according to Proposition 2. This implies that for x 1 ∈ A,
Using the fact that K(x 1 ) ∼ |r 1 | β−2 , the curvature satisfies
It follows from (7) and Lemma 3.1 that the slope of the tangent line of T W at
Since by (37) for
. Using the fact that the ϕ-dimension is of order k −3 and that T W k is also C 2 smooth, there exists c 2 > 0 such that
By (34), the expansion on W k satisfies
We sum over k and using (35) to get
On the other hand, by Proposition 2, the length of T W is of order O(n 
b) Next we consider the region where the curvature along T W ⊂ T M n is almost 0, i.e. T W is fully stretched in
Clearly for any x 1 ∈ B n , cos ϕ 1 ∼ n −1 , the ϕ-dimension of T W ∩ B n is approximately n 
As a result, there exist C 2 > 0 and
Equation (36) implies that for
Let
Combining with (42), using the fact that the ϕ-dimension is of order k −3 and that T W k is also C 2 smooth, there exists c 6 > 0 such that
Thus by (44)
β−1 n Now we sum over k ≥ k n and use (32) to get
. This implies that for
Note that for β = 2, we only need to divide T M n into two regions, and consider a) and c), where
Combining (40), (41), (45) and (46), we have shown that for any β ≥ 2,
Case II. Assume there exists a tangent vector of W ⊂ M n that satisfies dϕ = 0, or W contains a vertical line segment.
By the differential formula (3), |∂r 1 /∂ϕ| = τ / cos ϕ 1 , which implies that the expansion factor on x ∈ W k satisfies Λ(x) ∼ nk , where C > 0 is uniform. In particular, when β = 2, there is no difference between these two cases. Thus (30) is proved for α = 1 2β . To prove (31), by the above analysis, it is enough to consider the case when W ⊂ M n is a vertical curve such that T W ⊂ I k ∩ D n . Equation (36) implies that for x 1 ∈ T W ∩ I k ∩ D n , cos ϕ 1 is approximately |r 1 | β−1 . Using the fact that K(x 1 ) ∼ |r 1 | β−2 and Proposition 2, we have
It follows from (43) that the slope of the tangent line of T W at x 1 = T x satisfies
Using the fact that the ϕ-dimension is approximately k −3 and that T W is also C 6. Local stable and unstable manifolds -Proof of Theorem 2.4. This section is devoted to proving the existence of stable and unstable manifolds and their absolute continuity, i.e. the proof of Theorem 2.4. The existence and absolute continuity of the invariant manifolds for a nonuniformly hyperbolic diffeomorphism with absolutely continuous invariant measures were obtained by Pesin [18] . In the case of billiards, the dynamics are complicated by the presence of the singularities. Katok and Strelcyn [14] extended Pesin's theory to a large class of nonuniformly hyperbolic maps with singularities. More precisely they call a local C 2 diffeomorphism T : M \ S has small weight in M . Conditions (KS1)-(KS2) are the fundamental assumptions in [14] , based upon which they extended results of smooth ergodic theory to smooth systems with singularities. In particular, at every point with nonzero Lyapunov exponents one can construct local stable and unstable manifolds, establish the crucial absolute continuity property, describe ergodic properties of the map with respect to µ and even obtain the entropy formula. Thus in order to prove Theorem 2.4, it is enough to verify the conditions (KS1)-(KS2 ). Condition (KS1) follows from the following lemma. 
Thus it is enough to consider W ⊂ M \S 
In addition, one can show that there exist C 5 , C 6 , C 7 > 0 such that 
By taking C = max{C 7 , C 4 }, both inequalities are proved.
Finally we verify the assumption (KS2).
Lemma 6.2. There exists constant C > 0, such that for every ε > 0, µ({x ∈ M : d(x, S H 1 ) < ε} ≤ Cε Proof. We first consider the ε-neighborhood of S, which contains the boundary of M and its preimage. According to Proposition 2, the distance between s n and s n+1 is of order n −2 . More precisely this follows from the equation (14) of s n . In particular, let n 0 > 1 such that n 
